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So	  far,	  sampled	  data	  
	  2)	  Assumed	  it	  was	  generated	  from	  a	  probability	  distribu9on	  
	  3)	  Es9mated	  the	  unknown	  parameters	  of	  the	  distribu9on	  

Statistical Confidence Intervals 

We	  measure	  quality	  using	  CONFIDENCE	  INTERVALS	  

But	  the	  esRmaRon	  problem	  is	  not	  yet	  solved	  

• 	  	  How	  good	  is	  our	  esRmate?	  

• 	  	  How	  can	  we	  measure	  its	  quality?	  
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Confidence Statements 

•  Fortune	  Teller	  
	  

	  
	  
•  ScienRst	  

“I	  believe	  the	  
answer	  is	  75.6	  
meters”	  

“I	  believe	  the	  answer	  
is	  75.6	  meters	  plus	  or	  
minus	  2.0”	  
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Confidence interval 

[a,	  b]	  is	  a	  	  1-‐	  a	  	  confidence	  interval	  for	  	  

InterpretaDon	  of	  confidence	  level:	  For	  	  	  	  	  	  =	  0.05,	  we	  expect	  
that	  95%	  of	  all	  observed	  samples	  would	  give	  an	  interval	  that	  
includes	  the	  true	  parameter	  	  	  	  	  .	  

Let	  	  	  	  	  =	  unknown	  populaRon	  parameter	  

Let	  	  	  	  (a	  <	  b)	  be	  two	  numbers,	  where	  
	  	  	  	  	  	  	  	  	  the	  interval	  [a,	  b]	  contains	  the	  parameter	  	  
	  	  	  	  	  	  	  	  	  with	  confidence	  level	  of	  	  1-‐	  	  	  	  	  ,	  then	  

P(θ ∈[a,b]) = 1−α

Typically	  a,	  and	  b	  depend	  on	  random	  samples,	  	  
so	  they	  are	  random	  variables.	  Hence	  confidence	  interval	  means:	  

θ

θ
α

θ

θ

θ
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Example:	  Say	  X1,…Xn	  	  ~	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  is	  	  	  	  	  	  	  	  	  	  	  	  	  
unknown.	  Suppose	  we	  need	  a	  confidence	  interval	  for	  	  	  	  	  	  :	  	  

How to construct confidence interval 

Now,	  how	  do	  we	  figure	  out	  what	  k	  should	  be?	  

X − k, X + k( )
Using	  this	  intuiRon,	  lets	  make	  the	  interval	  of	  the	  form	  

xMaybe	  	  	  	  	  	  	  	  should	  be	  in	  the	  interval,	  perhaps	  in	  the	  middle?	  

N µ, σ 2( ) µ
µ
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Constructing a Confidence Interval 

50% confidence 

80% confidence 

90% confidence 

θ̂ k1   <   k2     <         k3  
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P(X − k < µ < X + k) = 1−α
or

P(−k < X − µ < k) = 1−α

Confidence Interval – Example 

Suppose	  we	  specify	  some	  	  0	  <	  	  	  	  	  	  	  <	  1	  for	  a	  1-‐	  	  	  	  	  confidence	  	  

level,	  then	  we	  want	  to	  find	  k	  such	  that	  

α α
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Example - continued 
Note :X ~ N(µ,σ 2 / n)  ⇒   X − µ

σ / n
~ Z

P −k
σ / n

< Z < k
σ / n

⎛
⎝⎜

⎞
⎠⎟
= 1−α

         P Z < k
σ / n

⎛
⎝⎜

⎞
⎠⎟
− P Z < −k

σ / n
⎛
⎝⎜

⎞
⎠⎟
= 1−α

         Φ k
σ / n

⎛
⎝⎜

⎞
⎠⎟
− 1−Φ k

σ / n
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
= (1−α / 2)− (α / 2) 

         Φ k
σ / n

⎛
⎝⎜

⎞
⎠⎟
= 1−α / 2

⇒  k
σ / n

= z α /2=   Φ−1 1−α / 2( )
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k
σ / n

= zα /2 or k = σ
n
zα /2

x − σ
n
zα /2 , x +

σ
n
zα /2

⎛
⎝⎜

⎞
⎠⎟

The	  two-‐sided	  confidence	  interval	  for	  m	  assuming	  	  
known	  is	  called	  z-‐interval	  and	  is	  given	  by	  

Z-interval 

σ
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Example 1: z-interval 

You want to rent an unfurnished 1Br apartment for 
the next semester. The mean monthly rent for a 
sample of 20 apartments in the local newspaper is 
$540 for a community where you want to move. 
Historically, the standard deviation of the rent is 
$80. Find a 90% confidence interval for the mean 
monthly rent in this community. 
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Unknown variance 
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(but we don’t know s2) 



Student’s	  t	  distribuRon	  

f (x) =



P(−k < µ − x < k) =
P(−k < x −µ < k) =

P( −k
s / n

< Tn−1 <
k

s / n
)

t random variable  
with n-1 degree of freedom 

Example - continued 
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The	  two-‐sided	  confidence	  interval	  for	  m	  is	  assuming	  	  
unknown	  is	  called	  t-‐interval	  and	  is	  

T-interval 

σ 2
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Example 2: t-interval 
   A study of the career path of hotel managers 

sent questionnaires to random sample of 61. 
According to these responses, the average 
time the general managers spent with their 
current company was 11.7 years and the 
sample standard deviation of time with the 
company is 3.2 years. Give a 99% 
confidence interval for the mean number of 
years general managers have spent with 
their current company. 
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One Sided Confidence Interval 
If	  you	  hear	  the	  words	  “confidence	  interval”,	  the	  default	  
interval	  is	  two	  sided	  (plus	  or	  minus).	  	  

In	  many	  cases	  a	  one-‐sided	  interval	  is	  more	  appropriate	  	  

(a,	  b)	  is	  a	  	  1-‐	  	  	  	  	  	  	  upper	  confidence	  interval	  for	  	  

Let	  	  	  	  	  =	  unknown	  populaRon	  parameter	  
Let	  	  a	  be	  one	  number,	  where	  
	  	  	  	  	  	  	  	  	  the	  interval	  (-‐∞,	  a)	  contains	  the	  parameter	  
	  	  	  	  	  	  	  	  	  with	  confidence	  level	  of	  	  1-‐	  	  	  	  ,	  then	  

P(θ ∈(−∞,a]) = 1−α

Typically	  a	  depends	  on	  random	  samples	  and	  it	  is	  a	  random	  variables:	  

θ

θ
α

α θ



One	  sided	  confidence	  interval	  for	  	  
t-‐random	  variable	  

1-n ,t
n
sx α+

A	  1-‐a	  upper	  confidence	  bound	  for	  m	  is	  

1-n ,t
n
sx α−

A	  1-‐a	  lower	  confidence	  bound	  for	  m	  is	  
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Example: 1-sided confidence interval 

  GT is running a survey on starting 
salaries for graduate students from 
GT. Based on survey of 20 
students, the sample average 
salary is $60,000 with a sample 
standard deviation of $5500.  What 
is the minimum starting salary  that 
current students may use in 
negotiating their salaries when they 
take their first job with confidence 
level 0.9?  
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Confidence interval sample proportion 

Our	  data	  is	  X	  ~	  Binomial(n,p)	  

Point	  EsDmaDon	  of	  p	  	  

Sampling	  DistribuRon	  of	  	  

E(	  	  	  )=p	  

V(	  	  	  )=p(1-‐p)/n	  

By	  Central	  Limit	  Theorem	  (CLT),	  	  

	  	  	  	  	  ~	  N	  (	  p,	  p(1-‐p)/n)	  

p
x
n

=

p̂
p̂

p̂

p̂



Confidence Intervals for p 

Using	  a	  normal	  approximaRon	  (sampling	  distribuRon),	  tests	  
and	  confidence	  intervals	  are:	  

1-‐a	  	  	  C.I.	  	  for	  	  p:	     (  ) /p z p p n± −α
2

1

1-‐a	  	  	  lower	  	  bound	  	  for	  	  p:	    ( ) /p z p p n− −α 1

1-‐a	  	  	  upper	  bound	  	  for	  	  p:	   nppzp /)ˆ1(ˆˆ −+ α



Example 

During election campaigns, it is important to assess the 
chance of winning before the election in order to 
identify weak points or areas with higher or lower 
electoral votes. For this many surveys are performed. 
Problem:  estimating the probability of winning the 
election for two parties.  

 
Randomly observe 50,000 individuals and their vote 

options. Suppose 25,264 of them vote for candidate A.  
 
What is a 99% interval for the probability that individuals 

will vote for candidate A? 
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Sample Size Determination 
A	  confidence	  interval	  depends	  upon:	  

	  
	  	  	  	  1.	  The	  confidence	  level	  (1	  -‐a)	  through	  the	  a/2	  normal	  or	  t-‐
distribuRon	  criRcal	  points	  –	  a	  decreases	  so	  L	  increases,	  and	  
therefore	  more	  reliable	  
	  
	  	  	  	  2.	  The	  sample	  size	  has	  also	  an	  effect	  on	  the	  length	  of	  the	  
confidence	  interval	  –	  n	  increases	  so	  L	  increases,	  and	  therefore	  
more	  accurate	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  

L = 2zα /2σ
n

 (z-interval)

L = 2tα /2S
n

 (t-interval)
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Goal:	  construct	  a	  100(1-‐	  	  	  	  	  	  )%	  C.I.	  for	  	  	  	  	  with	  a	  specified	  length	  
(L)	  

)Z
n

x,Z
n

x(
22
αα

σ+σ−If	  we	  know	  	  	  	  	  	  	  ,	  we	  use	  

Sample Size Determination 

If	  (L,	  a)	  are	  specified,	  then	  there	  is	  a	  minimal	  n	  needed	  to	  
assure	  the	  interval	  is	  no	  wider	  than	  L.	  

L = 2zα /2σ
n

Example:	  Say	  X1,…Xn	  	  ~	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  is	  	  	  	  	  	  	  	  	  	  	  	  	  
unknown.	  Suppose	  we	  need	  a	  confidence	  interval	  for	  	  	  	  	  	  :	  	  

N µ, σ 2( ) µ
µ

σ 2

α α
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Example: determine  
sample size 

   Digital thermometer measurements. The standard 
error of digital thermometer measurement is 

 
   We want confidence level 
 
   Suppose we want our estimation accuracy to be 0.1 

degrees, how many measurements should be 
taken? 

σ = 0.05

1−α = 0.90



L =
2Zα

2

σ

n
⇒ n ≥

4σ 2Zα
2

2

L2

α = 0.10,σ = 0.05 and L = 0.1

n = 4(1.645)2 (0.05)2

(0.1)2

                   =  2.7

We need to sample at least 3 observations 

Sample Size Determination 


